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Abstract

Themorphologicaloperationsof ahit-misstransform,openingandclosingaregeneralized
in a numberof ways. The new operationshave beenappliedto a variety of binary image
analysisproblemsthatinvolve patterndetectionandreconstruction.Generalizedopeningsare
developedby replacingerosionswith hit-miss transforms. Thesenew openingsare shown
to be anti-extensive, idempotent,andcenter-independent. Similarly generalizedclosingsare
developedandrelatedto openingsby duality. Additionally, the hit-misstransformis further
generalizedby replacingtheerosionswith blur andrankordertransforms,in orderto improve
therobustnessof patternmatches.Thesetof invariancepropertiesof thesenew transformscan
bewidenedby forminggeneralizedopeningsfrom them.

1 Introduction

The morphologicalopeningandclosingoperationssatisfyseveral elegantandusefulproperties,
suchascenter-independence,idempotence,andanti-extensivity or extensivity, in additionto the
generalmorphologicalpropertiesof translationinvarianceandincreasing.However, becausethey
arerestrictedto only “hits” and“don’t-cares”in thestructuringelement(abbreviatedasSE),they
are severely limited in generality. The hit-misstransform(HMT), on the other hand,is an ex-
tremelygeneralpattern-matchingoperation.It is ageneralizationof theerosionto SEsthatspecify
“misses”aswell as“hits”, but it lackseventheincreasingpropertyof theerosion.

The openingoperationis an erosionfollowed by a dilation with the sameSE. It is center-
independentbecausetheimagetranslationsfor theerosionanddilation,specifiedby theSE,arein
oppositedirections(seedefinitionsin (1) and(2)). Theopeningis idempotentbecauseeachpixel
remainingaftertheerosionrepresentsapatternmatchof theSEelementto theoriginal image,and
is subsequentlydilatedby theSEto reproduceexactly thosepixelsin theoriginal imagethatwere
responsiblefor the initial patternmatch. Whenthe openingis repeated,the erosionre-converts
eachdilatedsetof pixels to thesamesetthatwasobtainedafter thefirst erosion.Theopeningis
alsoanti-extensivesincetheopenedimageis alwayscontainedwithin theoriginal image.

Theinitial motivationfor thiswork wasto constructgeneralizationsof theopeningandclosing
operationsthatincludeSEswith bothhitsandmisses,andthatsharemostof thespecialproperties
of the standardopeningand closing operations. From the foregoing, one might guessthat an
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HMT followedby a dilation by only thehits in theSE would be onesuchgeneralizationfor the
opening. This generalizedopeningwould reproduceall the hits in the original imagefor which
the HMT givesan exact patternmatch. Thus, it would extract shapefeatures,in their entirety,
from theimage,andtheresultwould bea fixedpoint of simpleoperationsrelatedto thespecified
shapes.Useof suchgeneralizedopenings,with SEscomposedof bothhits andmisses,implicitly
broadensour view of thepatternsthatarebeingmatched.WhenSEsarecomposedof hits only,
they arenaturallyviewed in termsof shapesto be matchedin the image. But whenmissesare
introducedinto the SE,we canalternatively considerthat the patternsbeingmatchedareshort-
rangetextures. Thegeneralizedopeningthenextractstextural components,againin their entirety.
Thedividing line betweenshapeandtexturalpropertiesis notwell defined,but short-rangetexture
canbeintuitivelyunderstoodasthelocalgeometricrelationsbetweenhitsandmissesin theimage.
This is exactly whatis specifiedby theSE.

In thestandardopeningandclosingoperations,theforegroundandbackgroundpixelsareim-
plicitly treateddifferentlyby usingSEsthatspecifyonly foregroundpixels. However, whengen-
eralizingfrom theHMT, wherebothforegroundandbackgroundpixelsarespecified,onemayalso
wish to considerthecasewherethesubsequentdilation involvesthebackgroundpixels.

Correspondingto any generalizedopeningoperation,thereis a dual generalizedclosingthat
mustsatisfythesamegeneralsetof propertiesasthegeneralizedopening,andin factis equivalent
to a generalizedopeningon thebackgroundwith anappropriatelytransformedSE.

Similar generalizationscanalsobe madeby usingrank order operations.A rank orderop-
erationon a binary imageis equivalentto a thresholdedconvolution by a binary SE. Whenthe
SEconsistsonly of hits, asin theusualdefinition, the rankorderoperationis shift-invariantand
increasing,andthemorphologicalerosionanddilationarespecialcases.Rankorderoperationsare
usefulfor patternmatchingbecausethey have greaterimmunity thanerosionto shapedistortion,
but they aremorecomplicatedcomputationally. Whena rankorderoperationis followedby a di-
lationby theSE,a typeof openingresultswhereshapes,specifiedby theSEthatareonly partially
matchedby therankorder, arereproducedin theirentiretyon theresultingimage.In analogywith
thegeneralizedopeningsderivedfrom theHMT, theHMT canfirst begeneralizedto a rankorder
operationthatusesa SEwith bothhits andmisses.This rankorderoperationcansubsequentlybe
generalizedto an openingby dilating the resultof the rank orderby only the hits in the SE.As
with the simplermorphologicaloperations,the motivation for usingsuchoperationsequencesis
theexpandedsetof invarianceproperties.

In thefollowing sections,wefirst defineandthenderivepropertiesof thegeneralizedopenings
andgeneralizedclosings. Therearetwo typesof each,that we call foregroundandbackground
openingsandclosings,andthat aresimply relatedto eachother. The foregroundoperationsare
idempotent,whereasthebackgroundoperationsareonly fixedpointsof openingby thehits. We
thendiscusstwo generalizationsof the HMT that improve the robustnessof the patternmatch.
Thefirst is a computationallyefficient methodwe call a blur match,thatgivesimmunity to noise
nearshapeboundaries. A more flexible methodis the thresholdedconvolution (or rank order
filter), that givesan optimumdecisionfor detectingshapescorruptedby salt andpeppernoise.
Finally, the hit-miss rank order operationis extendedto a generalizedrank order openingthat
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allows reconstructionof partiallyoccludedshapesandtextures.

2 Generalized Opening

Let theplanarset
�

representa binary imageandlet thecompactset � bea structuringelement.
Theerosion � anddilation � of

�
by � aredefinedas

� ��� � ���
	��
�
��� ��� ��������
��� � (1)

� ��� � ���
	���
�
��� ��� ��������
� �
� (2)

where ������ �! 	  #" � � is the reflectionof � with respectto theorigin and
�%$ �&���(' $ �)	' ")��� is the translationof

�
alongthepixel vector

$ � .
TheHMT of

�
by adisjoint pair *+�-,/.10 of SEsis definedin [11] asthesettransformation

�32 *4�5,/.607�8* � ���90;:<* �>= �?.10 (3)

where � is the“hit” SEand . is the“miss’ SE.By “hits” we will meanin this paperintersection
with theforegroundof

�
, whereasthe“misses”will refer to intersectionwith thebackgroundof�

, i.e., thesetcomplement
� =

. ThustheHMT is the intersectionof a foregrounderosionanda
backgrounderosion.For brevity, we will oftenrefer to thedisjoint pair *+�-,/.10 of SEsasa single
SEwith bothhitsandmisses.It shouldbenotedthatthey arebothdefinedwith respectto thesame
centerposition.

Theordinaryopening
�A@ �B�3* � �?�90C�D� of

�
by � is anerosionfollowedby a dilation.

Replacingtheerosionby anHMT leadsto whatwe call a “generalizedopening”.Specifically, we
definethegeneralizedforegroundopeningof

�
by *+�-,/.10 asthesettransformation

E * �AF �5,/.10G��H �32 *4�5,/.10JIK���5L (4)

Whenever *4�5,/.10 are implied, we shall usethe simpler notation
E * � 0 . Thus the generalized

foregroundopeningis anHMT followedby a dilation with thehit SE � . It is a setconsistingof
theunionof hits for all matchesof theHMT.

As anexampleof theuseof thegeneralizedforegroundopening,supposewe wish to extract
from theimageall loweredgesof horizontallinesthathave a givenminimumlengthof 20 pixels.
This canbeaccomplishedwith a generalizedforegroundopeningusingtheSEin Figure1a. The
filled circlesarehits andtheemptycircle is a miss,andthereferencepoint for theSEis indicated
by acrossin oneof thehits.
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(a)

(b)

Figure1. (a)SEfor loweredgesof horizontallines. (b) SEfor thin horizontallines.

When
E

is applied to the imagein Figure 2, the extractededgesare shown in Figure 3a.
Becausewe areusingonly onemissnearthecenterof theSE,theseedgesextendinto theregions
wherethehorizontalandverticallinesintersect.If suchextensionis notdesired,it canbeprevented
by placingtwo missesat the endsof the SE. If we wish to sieve the horizontallines, finding all
horizontallinesof width equalto or lessthan3 pixels (for example),theSE in Figure1b canbe
usedwith thegeneralizedforegroundopening.Theresultwhenappliedto theimagein Figure2 is
shown in Figure3b. As expected,thethin lines,in their entirety, havebeenextracted.

Figure2. Imagecomposedof smallfeaturesandhorizontallines.Thethin horizontallinesareone
pixel wide. Resolution:135pixels/inch.
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(a) (b)

Figure3. (a) Gen.foregroundopeningwith SEof Figure1a.
(b) Gen.foregroundopeningwith SEof Figure1b.

We now deriveseveralpropertiesof thegeneralizedforegroundopening.

PROPERTY 1 . Thegeneralizedforegroundopeningis anti-extensive;i.e.,

E * �AF �-,/.10M� �A@ �5� � L (5)

Proof. Since
�N2 *+�-,/.10O� � �P� andsincedilation is a monotoneincreasingoperator(i.e.,� �>QP�SR � �T�5�UQD��� ), wehave

E * � 0O�A* � ���V0;���W� �A@ �5� � L
PROPERTY 2 . Thegeneralizedforegroundopeningby *4�5,/.10 is a fixedpoint of theopeningby� ; i.e., H E * ��F �5,/.60XI @ �Y� E * �AF �5,�.10ZL (6)

Proof. Since *\[N�Y�90 @ �]�^[N�Y� of any set [ , theabove propertyfollows by setting [_��32 *+�-,/.10 .
PROPERTY 3 . Thegeneralizedforegroundopeningis center-independent,i.e., independentof the
locationof theSEpair; thus,for all vectors � ,

E * �AF �A�T��,/.Y�T�`07� E * �AF �-,/.10ML (7)
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Proof. Intuitively, ashift of thecenterof *+�5,�.10 by � causesanequivalentshift in thelocation
of theHMT, andanoppositeshift in the locationof a dilation. Hencethesequenceof HMT and
dilation is center-independent.Formally,

� �P*+�T�T��0a��* � ���90 � � F<� = �_*+.W�T��07�8* � = �?.60 � ��L
Hence,[b� �N2 *+�A�A��,�.D����0c��H �U2 *+�-,/.10JI � � . Since [d�W*+���A��0a�e*\[f�A�90g�A� , theproof
of (7) is complete.

By a similar argumentas in the previous property, all generalizedoperationsdefinedin this
paperareindependentof thelocationof theSEpair.

PROPERTY 4 . Thegeneralizedforegroundopeningis idempotent;i.e.,

E H E * � 0XIh� E * � 0ZL (8)

Proof. First notethat,since
E

is anti-extensive,wehave

E H E * � 0JI\� E * � 0 (9)

To prove(8) we needonly to show that
E H E * � 0JI�i E * � 0 . Let Q�� �N2 *4�5,/.60 . Then

E * � 0;���W�e*+QD���90;���Y�YQ
jc�AikQ (10)

wherej is theordinaryclosing.Since
E * � 0M� � it followsthat H E * � 0JI = i � = andhenceH E * � 0JI = �.li � = �?. . Then,since Q
� � = ��. , wehave

H E * � 0JI = �?.li!Q (11)

From(10)and(11) it follows that
E * � 0 2 *+�-,/.10gikQ , which in turn yields

E H E * � 0XI�ikQD���Y� E * � 0 (12)

Hence,from (9) and(12) it follows that
E H E * � 0XIh� E * � 0 , andtheproof is complete.

Wecanalsodefineageneralizedbackgroundopeningasthefollowing settransformationmV*Xno0 :
m!* �AF �-,/.10G��H �N2 *+�-,/.10XIp��.�L (13)

Thusthegeneralizedbackgroundopeningis anHMT followedby a dilation with themissSE.As
wedo for

E
, whenever *+�-,/.10 areimplied,wewill usethesimplernotation m!* � 0 .
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(a) (b)

Figure4. (a) Gen.backgroundopeningwith SEof Figure1a.
(b) Gen.backgroundopeningwith SEof Figure1b.

In Figures4aand4b, we show thegeneralizedbackgroundopeningof the imagein Figure2,
usingtheSEsin Figure1aand1b, respectively. Thesesetsarecontainedwithin thebackground
of Figure2. Thegeneralizedbackgroundopeningis a setconsistingof theunionof missesfor all
matchesof theHMT.

PROPERTY 5 . Thegeneralizedbackgroundopeningof
�

is a subsetof
� =

; i.e.,

m!* �AF �5,/.10O� �>=/@ .q� �r= L (14)

Proof. Since
�N2 *+�-,/.10M� � = �?. andsincedilation is monotoneincreasing,wehave

mV* � 0M�A* � = ��.10s��.�� � = @ .q� � = L
PROPERTY 6 . Thegeneralizedbackgroundopeningby *+�5,�.10 is a fixed-pointof theopeningby. ; i.e., Htm!* �AF �-,/.10JI @ .��YmV* �AF �-,/.10ZL (15)

Proof. Sameastheproof for (6).
Thus, by performingboth operations

E * � 0 and mV* � 0 , i.e., by dilating the HMT with the
hit SE andseparatelywith the missSE,we obtaintwo new binary images,which aresubsetsof
the original imageforegroundand background,respectively. Thus the original imageplaneis
partitionednow into 3 setsof pixels: (1) the pixels of

E * � 0 , which arecontainedin
�

; (2) the
pixelsof m!* � 0 , whicharecontainedin

� =
; and(3) therest,whicharethepixelsof H E * � 0�uGmV* � 0XI = .
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This informationcannotbecastsimplyasabinaryimage.Weneedthreedifferentgraylevels,one
for eachof thethreeclassesof pixels.Clearly, thepixel class(3) is theleastimportantandcanbe
treatedasthenew “background”.

Thefollowing propertyrevealsthatthereis acloserelationshipbetween
E

and m .

PROPERTY 7 . Thegeneralizedbackgroundopeningof
�

by *+�5,�.10 is equalto the generalized
foregroundopeningof

� =
by *v.q,��V0 ; i.e.,

m!* �AF �5,/.10G� E * � = F .&,��90ZL (16)

Proof. Fromthedefinitionsof
E

and m we have

mV* �AF �-,/.10w� Hx* � �T�V0C:b* � = ��.10JIy��.
� Hx* � = �?.10;:<* � �T�90JIy��.
� E * � = F .q,��V0ML

Thecenterindependenceof m follows from (16)andthecenterindependenceof
E

.
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3 Generalized Closing

Thedualityprinciplebetweenerosionanddilation,aswell asbetweenopeningandclosing,states
that

* � = �T�V0 = � � � �� (17)� j7�W�e* � = @ ��V0 = (18)

where
� ja�P�z* � ���90;��� is theordinaryclosingof

�
by � . Next we introducea generalized

closingbasedon theduality principle.That is, we definethegeneralizedforegroundclosingof
�

by *+�-,/.10 , denotedby {9* �AF �5,/.10 or simplyby {9* � 0 if *+�-,/.10 areunderstood,asfollows:

{9* ��F �5,/.607��H E * � = F ��|,}�.10XI = (19)

PROPERTY 8 . Thegeneralizedforegroundclosingis a “dual HMT” followedbyanerosion;i.e,

{9* �AF �-,/.10a�8Hx* � ���V0;u�* � = �?.10~ �J� �
dual HMT

IK��� (20)

Proof. Fromthedefinitionsof { and
E

wehave

{9* �AF �-,/.10�� H E * � = F ��5,��.10JI =
� HxH�* � = � ���0;:<* � � �.10XIK���}I =
� Hx* � = � ���0;:b* � � �.10JI = �T�
� Hx* � = � ���0 = u�* � � �.10 = IK���
� Hx* � ���90;ub* � = �?.10JIK����L

The“dual HMT” is theunionof twodilations:of
�

by thehit SE( � ), andof
� =

by themissSE
( . ). It consistsof all pointsin animage

�
whereeitherthetranslatedhit SE �� intersectsat least

oneON pixel or thetranslatedmissSE �. intersectsat leastoneOFFpixel. Thus,the“dual HMT”
is thesetof pixelswherethereis at leastapartialmatchto theSE,andthegeneralizedforeground
closingis a “dual HMT” followedby erosionby thehit SE.Thegeneralizedforegroundclosing,
definedin (20),canalsobevisualizedasthesetcomplementof a generalizedforegroundopening
on thebackground.In this view, it is thesetcomplementof theunionof hits for all matchesto the
setcomplementimage(wheretheSEmustalsobespatiallyinverted).
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(a) (b)

Figure5. (a) Gen.foregroundclosingwith SEof Figure1a.
(b) Gen.backgroundclosingwith SEof Figure1a.

Figure5ashows theactionof { on theimagein Figure2, usingtheSEin Figure1aasbefore.
Thelinesof OFFpixelsin Figure5aareproducedby first finding thosepointsin theimagewhere
theline of hits intersectsOFFpixelsandthesinglemissintersectsanON pixel (thisoccurson the
top edgesof the linesandon thetop pixelsof thetext), andthenerodingtheresultby the line of
hits. Note that theresultinglinesof connectedOFFpixelsarecontinuousin thetext section.We
next giveseveralpropertiesof thegeneralizedforegroundclosing.

PROPERTY 9 . Thegeneralizedforegroundclosingis extensive;i.e.,

{9* ��F �5,/.60gi � ja�Ai � L (21)

Proof. Since * � ���90�u1* � = ��.10gi � ��� , andsinceerosionis amonotoneincreasingoperator
(i.e.,

� �>QP�SR � �T�5�rQY�
� ), wehave

{9* � 0gi1* � �T�90;���Y� � jc�Ai � L
PROPERTY 10 . Thegeneralizedforegroundclosingby *+�-,/.10 is a fixedpoint of theclosingby� ; i.e., {9* �AF �-,/.10Ojc�W�_{9* �AF �-,/.10 (22)

Proof. Since *v[#���90Ojc�W�P[#��� for any set [ , theabovepropertyimmediatelyfollows.

PROPERTY 11 . Thegeneralizedforegroundclosingis idempotent;i.e.,

{9H�{9* � 0JIh�_{9* � 0ZL (23)
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Proof. This follows from (19)andtheidempotenceof thegeneralizedforegroundopening:

{9H�{9* �AF �-,/.10JI]� H E *�H�{9* �AF �5,�.10XI = F ��|,}�.10XI =
� H E *�H E * � = F ��5,��.10XI F ��5,��.10XI =
� H E * � = F ��-,}�.10XI =
� {9* �AF �5,/.10ZL

As for thegeneralizedopenings,wedefinethegeneralizedbackgroundclosingof
�

by *4�5,/.60 ,
denotedby ��* �AF �-,/.10 or simplyby ��* � 0 if *4�5,/.10 areimplied,asfollows:

��* �AF �5,�.10G�8HtmV* �>=/F ��-,}�.60JI = (24)

By working in a similar way asfor the foregroundclosing it canbe shown that the generalized
backgroundclosingis a “dual HMT” followedby anerosionby themissSE;i.e,

��* �AF �5,�.10��eHx* � �T�V0Cub* �>= ��.10~ �J� �
dual HMT

Iy��. (25)

Figure5b shows the actionof the generalizedbackgroundclosingon the imagein Figure2,
usingtheSEin Figure1a.Thebackgroundin Figure2 is containedwithin this set.

PROPERTY 12 . Thegeneralizedbackgroundclosingof
�

contains
� =

; i.e.,

��* �AF �-,/.10gi � = jc.li � = L (26)

Proof. Since * � ���V0;u�* � = �?.60gi � = ��. , andsinceerosionis increasing,we have

��* � 0gi6* � = �?.10;�?.B� � = jc.li � = L
PROPERTY 13 . Thegeneralizedbackgroundclosingby *4�5,/.60 is a fixedpoint of theclosingby. ; i.e., ��* ��F �5,/.60Mj7.B�_��* �AF �5,�.10 (27)

Proof. Sameastheproof of (22).

PROPERTY 14 . Thegeneralizedbackgroundclosingof
�

by *4�5,/.10 is equalto thegeneralized
foregroundclosingof

� =
by *+.q,��90 ; i.e.,

��* �AF �5,�.10G�_{9* �r=�F .q,��V0�L (28)
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Proof. This follows from thedefinitions(19)and(24).
Sofarwehaveseenthatthetwo generalizedopenings

E
and m yield two setswhoseunionis a

subsetof theoriginalinformation;i.e.,
E * � 0M� � andm!* � 0M� � = . By contrast,thetwogeneralized

closings{ and � yield two setswhoseunionis largerthantheoriginal information;i.e., {9* � 0gi �
and ��* � 0gi � = .

We next show theability of thegeneralizedopeningsandclosingsto extract textural patterns.
Considerthe hit-missSE,given in Figure6, which hasa short-rangeperiodic texture. Figure7
shows the applicationof the HMT andthe generalizedopeningsandclosings,usingthis SE, to
an image. The strengthof the HMT signal(b) shouldbe contrastedwith that of the generalized
foregroundopeningin (c), whichshowsall theforegroundpixelsin (a) thatparticipatein theHMT
match.Thegeneralizedbackgroundopeningin (d) showsbackgroundpixelsin (a) thatparticipate
in theHMT match.TheOFFpixelsin thegeneralizedforegroundclosing(e)arebackgroundpixels
in (a) thatarenot selectedby thedualHMT followedby anerosionof thel hit partof theSE.In
thisexample,thenumberof suchpixelsis largeandcomparableto thatof theforegroundpixelsin
(c). Finally, theOFFpixelsin thegeneralizedbackgroundclosing(f) areforegroundpixelsin (a)
thatarenotselectedby thedualHMT followedby anerosionof themisspartof theSE.Fromthis
example,it is apparentthat theseoperationscanextractsignalscorrespondingto textural patterns
within imagesthatareof greaterstrengththanmaybeexpectedfrom visualobservation.
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Figure6. Hit-missSEfor shortperiodtexture.
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(a) (b) (c)

(d) (e) (f)

Figure 7. (a) Startingimage. The thin vertical lines are one pixel wide. Resolution: 48 pix-
els/inch.(b) HMT. (c) Generalizedforegroundopening.(d) Generalizedbackgroundopening.(e)
Generalizedforegroundclosing.(f) Generalizedbackgroundclosing.
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4 HMT with Rank Order Filters

TheHMT of
�

by *+�-,/.10 detectsthesetof pixel locationsatwhich � occursin
�

and . occursin� =
. ThustheHMT is abinarymatchedfilter thatactssimultaneouslybothontheimageforeground

and its background.Becauseit attemptsto performan exact matching,it is sensitive to noise,
occlusionsof imageparts,or uncertaintiesaboutthe exactshapeof the hit or missSE.To make
it morerobustonecouldperforma unionof HMTs, eachwith slightly differentSEs. This is the
shaperecognitionapproachfollowedin [1]; however, it couldbecomputationallyvery intensedue
to thepotentiallylargenumberof SEs.

Blur Matching: A moreefficientmethodfor improving therobustnessof thematchis to com-
putea blur match. In distinctionwith theexactmatchof anHMT, we definea blur-matchHMT
(BHMT) to requirethat (1) thereis anON pixel within a radius ��� of eachhit, and(2) thereis an
OFFpixelwithin aradius��� of eachmiss.For SEsthatdescribeshapesto bematchedin theimage,
theblur matchgivesimmunity to pixel noisethatoccursneartheshapeboundaries.Fortunately,
this blur matchis computedefficiently by first dilating theimageby adiskSE ��� of radius ��� and
dilating thesetcomplementimageby adiskSE �!� of radius��� , beforecomputingtheintersection
of erosionsin (3) for theHMT:

.5�>�W�5* �AF �5,/. F �|�O,/�!�M0G�8H�* � �T�|��0;���kIK:<H�* �>= �?�!�M0;��.-I (29)

A generalizedforegroundblur openingis thengeneratedby following theBHMT by adilationby� : EV�����O� * ��F �5,/. F �|�/,��!�M0G�eHx*�* � �?�|� 0;���90;:�*�* � = �?�!�M0;��.60XIy�T�¡L (30)

PROPERTY 15 . Thegeneralizedforegroundblur openingby *+�-,/.10 , with blurring diskSEs �|�
and �!� , is a fixedpoint of theopeningby � ; i.e.,

H EV�����M� * ��F �5,/. F �|�O,/�k�M0XI @ �Y� EV�����O� * �AF �5,�. F �|�O,��!�M0ZL (31)

Proof. Sameastheproof for (6).

A moreflexible approachfor constructinga robustgeneralizedopeningis to replacetheero-
sionsin theHMT with moregeneralfilters. Therearetwo suchgeneralizations,which, although
differentin their definitionandimplementation,aretheoreticallyequivalent.Thesearethethresh-
old convolution andthe rank order filtering approach.In the remainderof this section,we will
assumethatwedealonly with discretesignals.

ThresholdConvolution: Let usrepresenttheset
�

with a 2-D binarysignal '�*+¢S0 , where ¢ is
a pixel vector; i.e., '�*+¢S0|�%£ if ¢ "
� and

� *4¢;09�¥¤ if ¢ "T� = . Similarly, let ¦1*+¢S0 be the the
binarysignalrepresentingafinite SE § , which is alsoviewedasawindow of pixels.Considerthe
following thesholdedconvolution of the input signal '�*4¢;0 , which yieldsa binary-to-binarysignal
operation: �AH '
¨Z¦1*4¢;0 �ª© I (32)
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where ¨ denotesconvolution, � is Heaviside’s unit stepfunctionequalto ��*\«¬0­��£ if «¯®�¤ and�A*v«�09��¤ if «d°8¤ , and
©

is a variablethreshold.If
© �w±�§3± where ±�§3± denotesthenumberof

pixels in § , then(32) is equivalentto the erosionof
�

by § . However, if
© °²±t§3± , thenthe

thresholdconvolution imposeslooserconditionsthanerosionon detecting§ in
�

, andhenceit
couldpotentiallybemorerobustby adjusting

©
. Theseideashavebeenappliedto severaltemplate

matchingapproachesfor binaryobjectdetection,asdescribedin [3, 10,8].
RankOrder Filtering: Givena discrete-timesignal ³�*+¢;0 anda finite window § , the � -th rank

ordertransformationof ³ by § yieldsthesignal

³�´ � §¥*4¢;0a�W� � th largestof ³�*4¢
��µ¶0O,ªµ " § (33)

where �l� £`,O·y,�L�LxL�,�±�§3± . Applying rank order filters to the binary signal '�*4¢;0 representing
�

yieldsa binarysignaltoo.� In [6] a set-theoreticdefinitionof binary rankorderfilters wasgiven
thatavoidssortingandusesonly pixel counting;thusthe � -th rankordertransformationof

�
by§ is � ´ � § �¡���¯	S± � :<*v§ �T�`0¬±K®l� � (34)

Note that if �b� ±�§3± , then
� ´ � § becomesthe erosion

� �¡§ ; for �b�¸£ we get a dilation.
Obviously, the thresholdconvolution (32) andthe binary rank orderfiltering (34) yield identical
signalsif

© �W� .
In [5] it wasshown that theconvolution of a binarysignal ³ with a binarytemplate¦ (repre-

sentinga SE § ) comparedto a threshold,or its equivalentrankorderoperation,is theoptimum
(usingaBayesianformulation) decisionfor detecting¦ in ³ , when ³ containsashiftedversionof¦ corruptedwith binarysalt-and-peppernoise.In [9] acompositionof rankorderfilter andadila-
tion wasproposedfor featuredetectionasa robustreplacementof theordinaryopening.This � -th
rank-dilationoperationof a (binaryor non-binary)signal ³ by a binarytemplate(set) § consists
of the � -th rankordertransformationof ³ by § followedby adilationby § . Thustherankorder
operationreplacesthe erosionin an ordinaryopeningand(by varying �N��£`,�LxL�Lx,¹±�§3± ) servesin
detecting§ morerobustly thantheerosion,whereasthedilation redraws § at thedetectedloca-
tions. Thesameoperationwascalledrankopeningin [5] andshapeinferenceopeningin [12]. In
[9] therank-dilationoperationwasfurthersuperimposedwith theoriginal imageusingpointwise
minimum,which makesit anti-extensiveandidempotent.�

Motivatedby the above ideas,whererank orderoperationscanimprove the performanceof
matchedfilters whenthey replaceerosions,we will userankorderfilters in theHMT of thegen-
eralizedopening.Thus,for a givendisjoint SEpair *4�5,/.10 , we definethe *oº;,�»¹0 -th rankhit-miss
transformof

�
by *4�5,/.60 asthesettransformation

�32�¼�½ ¾ *4�5,/.10G�8* � ´ ¼ �90s:<* � = ´ ¾ .60 (35)¿
Binary rank orderfilters wereusedin [2]. Rankorderfilters for non-binarysignalswere usedin [4, 7]. For

relationshipsbetweenrankorderandmorphologicaloperationssee[6].À
In general,note that if ÁhÂ4ÃtÄ is any increasingsetoperation,thenthe operationÅ3ÆÇÅlÈ5ÁhÂÉÅ-Ä is increasing,

anti-extensive,andidempotent.
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where º¥� £`,/·y,�LxL�Lx,¹± �
± and »W� £¹,O·y,�LxL�Lx,¹± .)± . Then, the *oº;,�»¹0 -th generalized foreground rank
openingof

�
by *+�5,�.10 is thesettransformation

E�¼(½ ¾ * ��F �5,/.60G�eH�* � ´ ¼ �V0;:�* � = ´ ¾ .10JIK��� (36)

Thus
E�¼�½ ¾

consistsof a rankHMT followedby dilation with thehit SE.Similarly, we candefine
therankorderversionsof theothergeneralizedopeningsandclosings.

PROPERTY 16 . Thegeneralizedforegroundrankopeningby *+�-,/.10 is a fixedpointof theopening
by � ; i.e., H E�¼(½ ¾ * ��F �5,/.60XI @ �Y� E�¼�½ ¾ * �AF �-,/.10ZL (37)

Proof. Sameastheproof for (6).

PROPERTY 17 . Thegeneralizedforegroundrank openingby *+�-,/.10 is not in general idempo-
tent, exceptin the casewhere º?� ± �
± and »N� ± .)± , where it reducesto the previouslydefined
generalizedforegroundopening

E
.

Proof. Consideran imagewith Ê ON pixels in a horizontalline, anda SE � with ¢�°ÇÊ
horizontalhits. If ºl°¥¢ , the rank orderoperationwill causethe imageto shrink to Ê � º��¡£
pixels,andthesubsequentdilation expandsit to Ê¥��¢ � º pixels,which is larger than Ê pixels.
Eachsubsequentapplicationof thegeneralizedrankorderopeningwill alsoincreasetheimageby¢ � º pixels.

17



Erosion

Generalize

Ge
ne
ra
li
ze

hits

+

hits

+
hits

+

Opening HMT

hits

+

Generalized Rank Order opening

hits

+

Blur Opening

Blur HMT

Blur

Rank opening

Rank Order Filter

H-M Rank Order Filter

Generalized
  Opening

Figure8. Generalizationsof theOpening,HMT, andRankOrderFilter.

Thesevariousextensionsaresummarizedin Figure8. Theerosioncanbegeneralizedin three
ways:by forminganopening,by choosingarankordersmallerthanthecardinalityof theSE,and
by forming a HMT. Both therankorderfilter andtheHMT canbegeneralizedto anopeningby
dilating with thehits in theSE.TheHMT canbegeneralizedto ablur HMT, whichcanbefurther
generalizedto a blur opening.And therankorderfilter andHMT canbecombinedto form a HM
rankorderfilter, which canbefurthergeneralizedto anopeningby dilating with thehits. Finally,
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not shown in Figure8, a rank orderoperationcanbe appliedto a blur HMT, which canthenbe
openedto form ageneralizedrankorderblur opening.

Theseoperationsareof morethanacademicinterest.Theall-or-nothingcharacterof theero-
sionandHMT complicatetheir usewith highly variableimagedata.However, theblur andrank
orderfilters,usedseparatelyor in conjunction,providesufficientflexibility to permitreliablestatis-
tics to beaccumulatedon noisyor variabledata.

Finally, notethat all the ideaspresentedin this sectionon rank HMTs andgeneralizedrank
openingsof a (binaryimage)set

�
canbeextendedeasilyto gray-level images³ by replacingall

rankordersettransformationswith rankorderfiltersactingongray-level images;replacing: with
pointwiseminimum;andreplacing

� =
with Ê � ³ whereÊ is themaximumgrayamplitude.
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